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Abstract—� Particle� Swarm� Optimization� (PSO)� algo-

rithm� use� particles� to� search� for� better� solution� in� solution�

space�by�changing�particles�position�toward�the�best�particles.�

One� problem� of� PSO� is� trapping� in� local� optima.� Many� re-

searchers� use�mutation� operation� in�order� to� avoid� the� trap-

ping.� This� paper� investigates� when� to� apply� the� mutation� in�

PSO�algorithm.�The� iteration� period� to� applied�mutation�de-

pends� on� the� average� number� of� local� optimum� occurred� in�

PSO.�By�applied�normal�PSO�to�the�problem�for�some�limited�

number� of� iteration,� this� average� iteration� period� between�

each� local�optima�can�be�observed�and�can�be�used�in�a�nor-

mal�run.�By�comparing�the�results�on�a�set�of�benchmark�test�

functions,� the� results� show� that� the� PSO� mutation� with� the�

proposed�iteration�period�yields�better�results.�

�
Index� Terms—�swarm� intelligence,�Particle� swarm�optimi-

zation,�Cauchy�mutation.��

I.�INTRODUCTION�

Kennedy�and�Eberhart�[1,2]�introduced�Particle�Swarm�
Optimization� (PSO)� in� 1995.� It� is�motivated� from� the� be-
havior� of� flying� bird� and� their� communication�mechanism�
in� solving� optimization� problems.� PSO� has� many� ad-
vantages� such� as� rapid� convergence,� simplicity,� and� little�
parameters�to�be�adjusted.�Its�main�disadvantage�is�trapping�
in�local�optimum�and�premature�convergence.��

To� avoid� local� optima� and� premature� convergence,�
many� researchers� [3-8]� increased� searching� diversity� of�
PSO�by�mutation�operator.��

This�paper�investigates�when�to�applied�mutation�oper-
ation�in�PSO.�Normally,�mutation�should�occur�when�PSO�
trap�in�local�optima.�Researchers�suggested�applied�with�in�
some�iteration�period�based�on�mutation�rate�[7]�and�muta-
tion�based�on�particles�diversity�[8].�

The�result�showed�that�mutation�operators�for�PSO�can�
increase� optimization� performance� and� choosing�mutation�
operators�dependent�on�the�problem.�

In�this�paper,�the�mutation�period�is�obtained�by�apply-
ing� normal� PSO� to� the� problem� of� interest� for� a� specific�
time� and� observed� the� average� iteration� period� that� PSO�
trap�in�local�optima.�Then�this�period�is�used�for�PSO�to�ap-
ply�mutation�in�a�longer�run.���

A� set� of� benchmark� test� functions� is� used� to� compare�
the� PSO�with� the�proposed�mutation�period�and� the�muta-
tion�from�diversity�and�mutation�rate.�The�results�show�that�

the� proposed�mutation� period� yield� the� best� results� in� all�
test�functions.�

The�rest�of�this�paper�is�organized�as�follows.�Section�2�
explains� basic� PSO,�Mutation� Operators,� PSO�with�muta-
tion� and� when� to� apply� mutation� operator.� Section� 3� ex-
plains�mutation� period� calculation� for� PSO.� Section� 4� ex-
plains� the�Benchmark�Functions,� describes� the�experiment�
setup� and� presents� the� experiment� results.� Section� 5� con-
cludes�the�paper�with�a�brief�summary.�

II.�RELATED�WORK�

A.� Particle�Swarm�Optimization�
In� the� standard� PSO,� Each� particle� in� PSO� shares� the�

information� with� neighbor� particle.� Particles� search� space�
by�following�the�previous�global�best�positions�and�the�pre-
vious�best�positions�of�itself.�

The� PSO� algorithm� starts�with� random�particles� posi-
tion�and� velocity.� Each� iteration,� particle�updates� its�posi-
tion�and�velocity�as�follows:��
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� where�
idX ¢ �represents�the�current�positions�of�i�particle�

and�d�dimension,�
idX �represents�the�previous�positions�of�i�

particle�and�d�dimension,�
idV �represents�the�previous�veloc-

ity�of�i�particle�and�d�dimension,�
idV ¢ �represents�the�current�

velocity�of�i�particle�and�d�dimension,�
idP �represents�the�

individual's�best�position,�
gdP �represents�the�best�position�

found�in�the�whole�swarm�so�far,� 10 <£w �is�an�inertia�

weight,�
1h �and�

2h �are�acceleration�constants,�rand()�gener-

ates�random�number�from�interval�[0,1].�A�limit�velocity�
calls�

maxV .�If�calculate�velocity�of�a�particle�exceeds�this�

value,�it�will�replace�value�of�
maxV .�

�
B.� Mutation�Operators�

Mutation� operators� are� techniques,� preventing� prema-
ture�convergence�and�trapping�in�local�optimum.�They�cre-
ate�a�variation�of�a�population.�Many�researchers�proposed�
various�mutation�methods�such�as:�

Higashi� and� Iba� [9]� used� random� number� generated�
from�Gaussian�distribution�to�randomly�apply�mutation�op-
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erator� for� a� particle� position� value� of� one� dimension.� The�
mutation�operator�uses�the�function:�

�
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�
Stacey�et�al.�[10]�implement�a�mutation�operator�from�a�

Cauchy�distribution.��
�
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�
C.� Particle�Swarm�Optimization�with�mutation��

The�pseudo-code�for�the�PSO�with�mutation�algorithm�is�
as�follows:���

�
� 1)�Initialize:�Generate�the�initial�particles�by�randomly�
generating�the�position�and�velocity�for�each�particle.�
�
� 2)�Evaluate:�Evaluate�the�fitness�of�each�particle.��
�
� 3)�Update�Particle:�Update�each�particle�position�

idX ��

according�to�Eq.�(1)�and�(2).�
�
� 4)�Update�Particle�best�position�

idP �:�For�each�particle,�

if�its�fitness�is�better�than�the�fitness�of�its�previous�best�po-
sition�(

idP ),�update�
idP �=�

idX .��

�
� 5)�Update�

gdP �:�For�each�particle,�if�its�fitness�is�better�

than�the�fitness�of�the�best�position�(
gdP )�of�all�particles,�

update�
gdP .�

�
6)�Mutate:�apply�mutation�operator.�
�
7)� Iterate:� If� the� stop�criterion� is�not�satisfied�or� itera-

tion� less� than�maximum� iteration,� then� go� to� Step� 2,� else�
stop.�

�
D.� When�to�apply�mutation�operator��

1)�Based� on�mutation� rate� [7].�Mutation� is� applied� in�
each�iteration�after�all�the�particles�have�been�updated.�For�
each� particle� and� for� each� dimension� of� a� particle� condi-
tionally�mutate�the�particle�position�in�this�dimension�equal�
to�mutation�probability.��

The�mutation� probability� is� dependent� on� the� number�
of�particles�and�dimensions�per�particle.��
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� 2)�Based�on�particles�diversity�[8].�Mutation�is�applied�
in�each�iteration�after�all�the�particles�have�been�updated�If�
population�average�distance�(D(t))�is�less�than�some�thresh-

old�(
minD ).�For�each�particle�and�for�each�dimension�of�par-

ticle,�if�a�random�number�uniformly�generated�in�the�range�
[0:1]�is�less�than�

mP �(
mP �is�random�value�on�interval�

[0.1,0.3]),�then�mutate�the�particle�position�in�this�dimen-
sion.�

The� population� average� distance� D(t)� is� described� as�
following:�
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Where� idP �is�the�average�value�of�the�
thd �dimension�

coordinate�values�of�all�particles,�D�is�the�dimension�of�the�
solution�space,�M�is�the�size�of�the�population,�L�is�the�di-

agonal�length�of�search�space,� id
tX �is�the�

thd �dimension�

coordinate�values�of�the�
thi �particle.�

Normally,�mutation�should�occur�when�PSO�trap�in�lo-
cal�optima.�Apply�mutation�prematurely�prevent�PSO�from�
obtain�optima.�On�the�other�hand,�apply�mutation�too�slow�
waist�PSO�searching�time.�

III.�MUTATION�PERIOD�CALCULATION�FOR�PSO��

Mutation�should�be�applied�when�PSO�trap�in�local�op-
tima.�But,�how�to�detect�when�local�optima�occur?�It�is�hard�
to�specify�using�some�fix�mutation�rate.�Usually�local�opti-
ma� occur�when� all� particles� are� closed� to� each� other.�But�
how� closed?�Also,�diversity�among�particles� is�an�average�
value.�Even�if�the�average�is�small,�some�particles�may�still�
be�position�further�away.����

� This�paper�try�to�find�average�iteration�period�(
pI )�that�

local�optima�occur.�Local�optima�occur�when�fitness�of�best�

particle�repeat�its�value�for�some�iterations�(
rM ).��In�order�

to�find�
pI ,�PSO�is�executed�for�some�limited�iterations�

(1000�to�3000�iterations)�and�observed�the�number�of�times�
local�optima�occur�(

cL ).��

The�pseudo-code�for�the�PSO�with�mutation�is�the�same�
as�in�C�except�change�step�6�and�adds�another�step�8�as�fol-
low:��
�

Step�6�Counting:�if�
cbpF �is�equal�or�worse�than�

pbpF �then��

������������������������������� ++rN �

����������������������������else��

������������������������������� rN �=�0�and�
pbpF �=�

cbpF ��

����������������������������If�
rN �equal�

rM �then��

�������������������������������� rN �=�0�and� ++cL �

�

� Where�
cbpF �is�fitness�of�current�best�particle,�

pbpF �is�

fitness�of�previous�best�particle.�
�
Step� 8� mutation� period� Calculation:� The� mutation� period�
calculation�according�to�Eq�(7).�

�

�������������������������
rc

p
ML

generation
I

´
=

max
���������������������(7)�

�

� Where�
rN �is�number�repeat,�

rM �is�max�repeat,�
cL �is�

local�count.�
pI �is�average�iteration�period.�
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� Once�identify�the�average�iteration�period�(
pI ),�it�can�

be�applied�in�step�6.�The�main�idea�is�that�the�local�optima�
occurs�when�fitness�of�best�particle�repeat�its�value�for�
some�X�iterations.�If�this�X�is�too�small�it�may�not�be�the�
real�local�optima�(fitness�of�best�particle�is�not�repeated�if�X�

is�larger).�So�in�this�step,�X�is�change�from�
rM �to�

pI �in�

order�to�be�certain�that�it�is�large�enough�and�local�optima�
really�occur.��

��

Step�6�Mutate:�if�
cbpF �is�equal�or�worse�than�

pbpF �then��

���������������������������� rN ++��

�������������������������else��

����������������������������
rN �=�0�and�

pbpF �=�
cbpF �

� if�
rN �equal�

pI �then�
rN �=�0�and�for�each�particle�and�

for�each�dimension�of�particle:�If�a�random�number�uni-
formly�generated�in�the�range�[0:1]�is�less�than�

pM �(muta-

tion�percentage),�then�mutate�the�particle�dimension�accord-
ing�to�the�mutation�operator�being�used.�

IV.�EXPERIMENTS�AND�RESULT�

A.� Benchmark�Functions��
The� six� benchmark� functions�with�different� properties�

are� chosen� to�PSO�with�mutation.� the� equations� are� listed�
below:���

�
1)�Sphere�function��
�
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Global�minimum�is� 0)(),0,...,0( ** == xfx �

Sphere�function�is�continues,�convex�and�no�has�local�min-
imum�except�the�global�one�(single�modal,�uni-model).�

�
2)�Rosenbrok's�function��
�
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Where� nx ]048.2,048.2[-Î �

Global�minimum�is� 0)(),1,...,1( ** == xfx �

Rosenbrok's�function�has�global�optimum.�It�is�inside�a�
long,�narrow,�parabolic�shaped�flat�valley.�To�find�the�val-
ley�is�trivial,�however�convergence�to�the�global�optimum�is�
difficult.�Rosenbrok's�function�is�several�local�minima�
(multimodal)�or�single�modal.�

�
3)�Ackley's�function��
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Where� nx ]30,30[-Î �

Global�minimum�is� 0)(),0,...,0( ** == xfx �
Ackley's� function� has� an� exponential� term� that� covers� its�
surface�with�numerous�local�minima�(several�local�minima)�
and�regularly�distributed.�Ackley's�function�is�multimodal.�

�
4)�Rastrigin's�function��
�
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Where� nx ]12.5,12.5[-Î �
Global�minimum�is� 0)(),0,...,0( ** == xfx �
Rastrigin's� function� has� the� addition� of� cosine�modulation�
to� produce�many� local� minima.� Thus,� the� test� function� is�
highly�multimodal.�However,� the� locations� of� the�minima�
are�regularly�distributed.�Rastrigin's�function�is�multimodal.�

�
5)�Griewank's�function�
�
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Where� nx ]300,300[-Î �
Global�minimum�is� 0)(),0,...,0( ** == xfx �
Griewank's�function� is� similar� to�Rastrigin� function.� It�has�
many�widespread� local�minima.�However,� the� locations�of�
the�minima�are�regularly�distributed.�Griewank's�function�is�
multimodal.�

�
6)�Schwefel's�function�
�

å
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Where� nx ]500,500[-Î �
Global�minimum�is� 0)(),96.420,..,96.420(* =--= xfx �
Schwefel’s�function�is�double�sum�function.�Its�main�diffi-
culty�is�that�its�gradient�is�not�oriented�along�their�axis�due�
to�the�epitasis�among�their�variables;�in�this�way,�the�algo-
rithms� that�use� the�gradient�converge�very�slowly.�Schwe-
fel's�function�is�multimodal.�

B.� Parameters�Setting��
� Parameters�are�as�follows�for�all�experiments:�accelera-

tion�constants�of�
1h �and�

2h �are�both�set�to�be�1.496180�and�

inertia�weight�ω�=�0.729844,�as�suggested�by�den�Bergh�
[11],�the�number�of�population�is�60.�Each�function�has�30�
dimensions.�Each�function�runs�PSO�50�times.�The�maxi-
mum�iteration�is�5000.�The�limited�iteration�is�2000.�Muta-

tion�rate�is�0.5.�
minD �=�0.001,�

rM �=�10,�
pM �=�0.02.��

�
C.� The�experiment�results�and�comparison��

Three� experiments� are�performed� to� compare�when� to�
apply� mutation,� mutation� rate� [7]� (MPSO),� diversity� [8]�
(DPSO)�and�average�iteration�period�(IPSO).��

The�pseudo-code�for�mutation�operators�of�all�3�meth-
ods�is�as�follows:�

�
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If� a� random�number�generated� uniformly� in� the� range�
[0:1]�is�less�than�0.5,�then�mutate�the�particle�dimension�by�
using�the�Eq.�(8).�Else�mutate�the�particle�dimension�by�us-
ing�the�Eq.�(9).�

��
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�
� Where�

idX �represents�the�current�positions�of� i �parti-

cle�and�d�dimension,�Cauchy�(a)�denote�Cauchy�random�
numbers�with�the�scale�parameter�of�1.�
�

TABLE�I.�RESULTS�FROM�THE�EXPERIMENT�FIND�AVERAGE�ITERATION�

PERIOD.�AVERAGE�OF�LC�OVER�50�RUNS,�IP��AND�ESTIMATION�IP.�

Function� Lc� Ip� estimation�Ip�
Sphere� 0.035� 5714.286� 5714�

Rosenbrok� 1.03� 19.40805� 19�
Ackley� 88.5� 2.261037� 2�

Rastrigin� 115.71� 1.728459� 2�
Griewank� 75.55� 2.647253� 3�
Schwefel� 131.86� 1.51676� 2�

�

TABLE�II.�THE�MAXIMUN�(MAX),�MININUM�(MIN)�AND�AVERAGE�(AVG)�
BESTFITNESS�OVER�50�RUNS.�RESULT�FROM�THE�EXPERIMENTS�ARE�

PERFORMED�TO�COMPARE�WHEN�TO�APPLY�MUTATION.��

Function� � PSO� MPSO� DPSO� IPSO�
Sphere� Min� 4.43E-122� 8.86E-119� 2.62E-15� 1.32E-

122�
Avg� 6.75E-115� 1.81E-113� 3.76E-14� 5.35E-

115�
Max� 2.79E-113� 2.88E-112� 2.43E-13� 2.54E-

113�
Rosenbrok� Min� 0� 5.92E-29� 0.000118� 0�

Avg� 1.31E-29� 7.19E-27� 0.00057� 7.00E-30�
Max� 9.86E-29� 1.62E-25� 0.0012� 8.38E-29�

Ackley� Min� 7.11E-15� 7.11E-15� 2.31E-08� 7.11E-15�
Avg� 0.712812� 9.81E-15� 1.01E-07� 7.67E-15�
Max� 3.93204� 2.13E-14� 2.88E-07� 1.42E-14�

Rastrigin� Min� 44.7731� 0� 0� 0�
Avg� 101.267� 3.18385� 21.2531� 1.08012�
Max� 166.157� 15.9192� 83.5762� 37.9098�

Griewank� Min� 0� 0� 0� 0�
Avg� 0.011604� 0.012402� 0.00713� 0.005611�
Max� 0.065853� 0.051408� 0.0612� 0.044153�

Schwefel� Min� 572.455� 473.754� 710.63� 0.007506�
Avg� 1653.81� 1215.18� 1189.12� 228.391�
Max� 2783.33� 1895.01� 1895.01� 710.683�

�
From� the� experimental� results� of� Table� I� show� that�

multi-model�functions�have�a�little�mutation�period.�Rosen-
brok's� function� has� larger�mutation� period.� Sphere’s� func-
tion�has�the�largest�mutation�period.��

All�the�function�has�minimal�point� at�zero.�Hence�any�
methods�that�yield�solution�nearer�to�the�zero�point�are�the�

better� method.� From� the� experimental� results� of� Table� II,�
MPSO�can� increase�performance� for�all�multi-model�func-
tion� but� decrease� performance� for� Sphere’s� function� and�
Rosenbrok's�function�when�compare�to�PSO.�DPSO�can�in-
crease�performance�for�some�multi-model� function�but�de-
crease� performance� for�Rosenbrok's� function�and�Sphere’s�
function� when� compare� to� PSO.� IPSO� performed� better�
than� FPSO� and� PPSO� for� all� multi-model� function� and�
Sphere’s�function.�IPSO�performed�better� than�PSO�for�all�
multi-model�function.�

V.�CONCLUSION�

The�mutation�operator�is�applied�to�avoid�local�trapping�
in�PSO.�This�paper�proposed�when� to�apply� this�mutation.�
If� apply�too�early,�PSO�may�not� reach� the�optimal�yet.�On�
the�contrary,�apply�too�slow�wait�searching�time.�From�the�
experimental�results,� it� is� shown�that� the�proposed�method�
yield�better�optimal�point�for�all�test�functions.�
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